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1. Introduction 


Supersymmetric solutions of supergravity theories had already attracted much interest in the 
early 1980s in the context of Kaluza-Klein supergravity, see § for a review. At that period, the 
notion of Killing spinors^ [^, ||] (see also 0]), which is crucial to the program of Kaluza-Klein 
supergravity, was introduced. The existence of such spinors guarantees some unbroken supersym¬ 
metry upon compactification. Since then, the Killing spinors on pseudo-Riemannian manifolds and 
their properties have been studied by mathematicians, see [Q, ^ and references therein. 

An additional impetus to study supersymmetric solutions of supergravity theories comes from 
superstring theory to which supergravity is a low-energy approximation. Due to certain non¬ 
renormalisation and stability properties they possess, such solutions are of special importance in 
the string-theoretic framework. A detailed discussion of the huge number of the supersymmetric 
solutions of supergravity constructed in diverse dimensions is beyond the scope of this conference 
paper. As an example of such constructions, it is pertinent to mention two papers in which 
all supersymmetric solutions in minimal Poincare and anti-de Sitter supergravity theories in five 
dimensions were constructed. 

In off-shell supergravity, the superspace formalism to determine (super)symmetric backgro¬ 
unds was elaborated twenty years ago |^] in the framework of the old minimal formulation 
for ^ = 1 supergravity in four dimensions (4D). The approach developed in |Q] is universal, for it 
may be generalised to derive supersymmetric backgrounds associated with any supergravity theory 
formulated in superspace. In particular, it has already been used to construct rigid supersymmetric 
field fheories in 5D jV = 1 [0], 4D ^ = 2 [|T2[ 0, [0] and 3D {p,q) ijll, |0 [0] anfi-de Siller 
superspaces. 

Recenfly, much progress has been made in deriving new exacl resulls for observables (parli- 
lion funclions, Wilson loops) in rigid supersymmefric gauge fheories on compacf manifolds such 
as round spheres using localisafion fechniques |[0, 1^, 0]- In order lo apply Ihese fechniques. 


Iwo fechnical prerequisifes are required. Firslly, a curved space ^ has fo admil some unbroken 
rigid supersymmefry. Secondly, fhe rigid supersymmefric Iheory on ^ should be off-shell. These 
condilions are mel by Ihose supersymmefric backgrounds lhal correspond lo off-shell supergravify 
fheories. This is why a number of publicalions have appeared which are devofed fo fhe conslruclion 
of supersymmefric backgrounds associated wilh off-shell supergravify fheories in diverse dimen¬ 
sions, see 1^, 0 0 0, 0, M, M] and references fherein. Inspired by fhe 


work of Fesluccia and Seiberg [|22|], Ihese aufhors used componenl field consideralions. In fhe case 


of 4D .jV = 1 supergravify, if was shown [ 135| ] how lo derive fhe key componenl resulls of, e.g., 
[^, 0] from fhe more general superspace conslruclion of [^]. Recenfly, fhe formalism of |^, 


was extended lo conslrucl supersymmefric backgrounds |36] associaled wilh all known off-shell 


formulalions for 3D jY = 2 supergravify |15, 371. The resulls obfained are in agreemenl wilh fhe 


componenl consideralions of [31, 32, 34]. The same formalism has also been used in [38] fo derive 
supersymmefric backgrounds in off-shell formulalions for 5D jV = 1 supergravify. 

In Ihis paper, we give a pedagogical review of fhe formalism of [^, 35]. As an application of 


fhe formalism, we briefly describe fhe resulls of [ 136[ ] devofed lo fhe conslruclion of supersymmefric 
backgrounds in all known off-shell formulalions for 3D jY = 2 supergravify [Isj 37]. 


*F. Englert, one of the authors of [ffl, was awarded the 2013 Nobel Prize in Physics (shared with P. Higgs). 
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2. (Conformal) isometries of curved space 


Before discussing supersymmetric backgrounds in off-shell supergravity, it is instructive to 
recall how the (conformal) isometries of a curved spacetime are defined within the Weyl invariant 
formulation for gravity @ 0 , 0 - Our presentation follows We start by recalling three 
known approaches to the description of gravity on a <i-dimensional manifold (i) the metric 
formulation; (ii) the vielbein formulation; and (iii) the Weyl invariant formulation. 

In the standard metric approach, the gauge field is a symmefric mefric fensor (v) such fhaf 
g := det(g,„„) 7 ^ 0. The infinifesimal gauge Iransformalion of gm„ is 


^8mn — ^m^n T ^n^n 


( 2 . 1 ) 


wifh fhe gauge parameter ^ being a vecfor field generating a one-paramefer family of 

diffeomorphisms. 

In fhe vielbein formulation, fhe gauge field is a vielbein := thaf conslilufes an 

orfhonormal basis in fhe cofangenf space for any spacetime poinf x,e' = del(e„,‘') 7 ^ 0. The 

mefric becomes a composite field defined by g^n = e,„°e„^riab, wifh rjat the Minkowski mefric. 
The gauge group is now larger fhan in fhe mefric approach. If includes bofh general coordinafe and 
local Lorenfz fransformalions, 

SVa = Va] , ( 2 . 2 ) 

wifh fhe gauge parameters = (§”’(v)e„j“(v) and K^^{x) = —K^‘‘{x) being completely arbifrary. 
The gauge Iransformalion ( |2.2| ) makes use of fhe forsion-free covarianl derivatives, 

Vq = + tea = V^] = —Rab'^'^^cd ■ (2-3) 

Here Mbc = —Mcb denoles fhe Lorenfz generators, ef"{x) fhe inverse vielbein, = Sj', and 

(Oa^‘^{x) fhe torsion-free Lorenfz conneclion. Finally, Rab‘^‘^{x) is fhe Riemann curvafure fensor; ils 
descendanls are fhe Ricci tensor Rab ■= T\‘^‘^Rcadb = Rba and fhe scalar curvafure R = ri^’^Rab- 
As is well-known, fhe forsion-free consfrainf 

Tab=0 ^ [yayb]^Tab^yc + \Rab‘^M,d=\Rab‘^M,d (2.4) 

is invarianf under Weyl (local scale) fransformalions of fhe form 

Va ^ v; = e'^ (Va + (y‘’a)Mba) , (2.5) 

wifh fhe parameler a{x) being complelely arbifrary. Such a Iransformalion is induced by fhaf of 
fhe gravifalional field 

ej" —)■ e^ea'” gmn 6 gmn ■ (2.6) 


In general, Weyl invarianf mailer Iheories are curved-space extensions of ordinary conformally 
invarianf Iheories. As an example, consider fhe model for a scalar field (p wifh action 

5 = + + , d^2, (2.7) 
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where A is a coupling constant. The action is Weyl invariant^ provided (p transforms as 


(p —> (p' = ^)^(p . 


(2.8) 


The flat-space limit of (2.7) is a conformal field theory. 

Most field theories in curved space do not possess Weyl invariance. In particular, the pure 
gravity action with a cosmological term 


5'gr = 


2k^ . 


d‘^xeR — J df^xe 


(2.9) 


is not invariant under the Weyl transformations (2.5). However, any field theory in curved space 


can be made Weyl invariant by coupling it to a conformal compensator. 

In the Weyl invariant formulation for gravity in / 2 dimensions, the gravitational field is 
described in terms of two gauge fields. One of them is the vielbein e,n‘‘{x) and the other is a 
conformal compensator (p{x) with the Weyl transformation law ( |2.8| ). As compared with the matter 
model ( |2.7[ ), the compensator is constrained to be nowhere vanishing, <p / 0. In this approach, 
the gravity gauge group is defined to consist of the general coordinate, local Lorentz and Weyl 
transformations 


1 


5V, = + -K'^^Mhc^a] + aV, + iy‘’o)Mha = {Sjt + 5^)V, , 

5(p = ^'’Vh9 + l-{d-2)oq) = {djy + 5a)q) , 


(2.10a) 

(2.10b) 


where we have denoted JC := ^^Vh + Any dynamical system is required to be invariant 

under these transformations. In particular, the Weyl invariant gravity action is 


Sgr = ^ I d'^.re|v>Vo(p + ^^^ 


^7?<p2 + A<p2"/("-2)| . 


( 2 . 11 ) 


Applying a finite Weyl transformation allows us to choose the gauge condition 




1 d-l 


2fc V d-2 ’ 


( 2 . 12 ) 




in which the action ( |2.11D turns into ( |2.9| ). 

Every gravity-matter system can be made Weyl invariant by replacing Ca 
the action. If the action of a Weyl invariant theory does not depend on (p, it describes conformal 
gravity coupled to matter. It is natural to use the notation ^V) in the case of conformal gravity 
and (p) for ordinary gravity. In both cases, the gravity gauge freedom is given by ( 2.1(j ), 

but (p is not present in conformal gravity. One may understand conformal gravity as possessing an 
additional gauge freedom, Vq —> Va and (p —)■ e^(p, with the gauge parameter p{x) being arbitrary. 

Let us fix a background spacetime. A vector field ^ on is said to be 

conformal Killing if there exist local Lorentz and Weyl a[§] parameters such that 


{Sj(r[^] + da[^])ya = 0 . 


(2.13) 


^The 


Weyl transformation of the scalar curvature is ^ e^‘^|i?-|-2(if — l)V“Vaa — (d — 2){d — l)(V“cT)VflCT|. 


4 














Symmetries of Curved Superspace 


Sergei M. Kuzenko 


A short calculation gives 

, a[^] = , (2.14) 

as well as the conformal Killing equation 

^2T]“*a[i^] . (2.15) 


The set of all conformal Killing vector fields on (./#^, V) forms a finite-dimensional Lie algebra.^ 
It is the conformal algebra of the spacetime, and its dimension cannot exceed that of 5o{d,2), 
the conformal algebra of Minkowski space. The notion of a conformal Killing vector field does 
nol make use of (p, and Iherefore fwo spacefimes and ,V,eP(p) have fhe same 

conformal Killing vector fields, for an arbifrary scalar field p(x). 

Two spacefimes , (p) and ,V, (p) are said to be conformally related if fheir gauge 

fields are obfained from each ofher by applying a finile Weyl fransformafion, 

Va = e'’(v, + (vV)M,,) , ip = e-2^‘^-^'>Pcp , (2.16) 

for some p. These spacefimes have fhe same conformal Killing vecfor fields. 


The parameters and a[|] are related to and o[^] as follows: 

jr[|] := + = jr[^], 

f^[l] = ■ 

These relafions are such fhaf + 5^j|j)Va = 0. 

A conformal Killing vecfor field ^ =^°ea on 
does nol change fhe compensalor, 

1 


(2.17) 

(2.18) 

(2.19) 

V, (p) is called Killing if fhe fransformafion 


^(p + -{d-2)o[^](p = 0 


( 2 . 20 ) 

The sel of all Killing vector fields of fhe given spacetime (.^^,V,(p) is a finite-dimensional Lie 
algebra. By consfrucfion, if is a subalgebra of fhe conformal algebra of (./#'^,V). The Killing 
equations ( [2.13| ) and (2.2C) are Weyl invarianf in fhe following sense. Given a conformally related 
spacetime ,'Va, <P) defined by eq. ( 2.16| ), fhe Killing equations ( 2.13 ) and ( 2.20| ) have fhe same 

funclional form when rewritten in ferms of Va and (p, 


^(p + -{d-2)o[^](p = 0 . 


( 2 . 21 ) 


The Weyl invariance allows us to choose fhe gauge condition 


(p = l 


= 0 


Then fhe Killing equations ( |2.21| ) furn info 

which is equivalenf fo fhe sfandard Killing equafion 

ya^b^yb^a _ 


a[^] = 0 


IntroducingT := tT[<^], ViCT[<^]}, one observes that VaT C span(T). 


( 2 . 22 ) 


(2.23) 

(2.24) 
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3. (Conformal) symmetries of curved superspace 


The Weyl invariant approach to gravity and spacetime symmetries, which was reviewed in 
the previous section, has a natural superspace extension |||, 35, 36, 38] in all cases when Poincare 


or anti-de Sitter supergravity is formulated as conformal supergravity coupled to certain confor¬ 
mal compensator(s). This is always possible for supergravity theories in <i < 6 with up to eight 
supercharges, where off-shell conformal supergravity always exists. 

Let be a curved superspace, with d spacetime and 5 fermionic dimensions, chosen to 

describe a given supergravity theory. We denote by = (x'”, 6^) the local coordinates for 
Without loss of generality, we assume that the zero section of defined by 6^ = 0 corresponds 
to the spacetime manifold 

The differential geometry of curved superspace may be realised in terms of covariant 

derivatives of the form 




(3.1) 


^A = {&a,3!a)=EA + O.A- 

Here^A =EA^{z)d/dz^ denotes the inverse superspace vielbein, CIa = is the Lorentz 

connection, and <I> = ^a‘{z)Ji the /^-symmetry connection."^ The index a of the fermionic operator 
is, in general, composite; it is comprised of a spinor index a and an 7?-symmetry index. 

The covariant derivatives obey the (anti-)commutation relations of the form 


[S>a,^b} — 3Cab^&c + 2^AB^‘^Mcd E^ab^Ji 


(3.2) 


where ^ab^{z) is the torsion tensor, ESab^‘^{z) and ESab\z) are the Lorentz and /^-symmetry curva¬ 
ture tensors, respectively. In order to describe conformal supergravity, the superspace torsion £^ab^ 
has to obey certain algebraic constraints, which may be thought of as generalisations of the torsion- 
free constraint in gravity, eq. ( |2.4| ), and which have to be Lorentz and 7?-symmetry invariant. Unlike 
the gravity case, there is no universal expression for such constraints, since their explicit form de¬ 
pends on the dimension of spacetime d as well as on the supersymmetry type chosen. However, 
certain guiding principles leading to proper torsion constraints are described in important papers 
by Gates et al. [ p2| ] and Howe [p^], and are also reviewed in textbooks [JS, ^]. 

The supergravity gauge group includes a subgroup generated by local transformations 


, 


1 


jr := ^^{z)^B + ^K‘’^iz)Mhc + K\z)J, , 


(3.3a) 


where the gauge parameters and obey standard reality conditions but are other¬ 

wise arbitrary. Given a tensor superfield <I>(z) (with suppressed Lorentz and /^-symmetry indices), 
its transformation law under ( |3.3a| ) is 


= jr<i>. 


(3.3b) 


In order to describe conformal supergravity, the constraints imposed on the superspace torsion 
should be invariant under super-Weyl transformations of the form 




^a — 2 ^ 'E ' 


(3.4a) 


^The superspace structure group, Spinfrf— 1,1) x Gr, is a subgroup of the isometry group of Minkowski superspace 
. This subgroup is the isotropy group of the origin in I 
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where the scale parameter a is an arbitrary real superfield. The ellipsis in the expression for SaSia 
includes, in general, a linear combination of the spinor covariant derivatives and the structure 
group generators Med and Jk- The ellipsis in 5a3>a stands for a linear combination of the generators 


of the structure group. The super-Weyl transformation (|3.4a|) is a natural generalisation of the Weyl 


transformation ( |2.5D in gravity. In most cases of interest, matter superfields may be chosen to be 
primary under the super-Weyl group. 


5ct<I> = >Vci,a<I>, 


(3.4b) 


with rvo a super-Weyl weight. The transformations (3.3a) and (3.4a) generate the gauge group of 
conformal supergravity. 

An important difference between the superspace covariant derivatives (^T|) and the spacetime 


ones, eq. (|2.3t), is that the superspace structure group includes not only the Lorentz group, but 
also the 7?-symmetry group Gr. In principle, it is always possible to deal with an alternative su¬ 
perspace geometry such that its structure group coincides with the Lorentz group, similar to the 
Wess-Zumino formulation of 4D = 1 supergravity. The local Gr group will then appear 
as an additional invariance of the superspace constraints (similar to the (super-)Weyl invariance in 
(super)gravity). In many cases, however, such a formulation is technically less useful due to the 
presence of dimension-1/2 constraints, as explained by Howe in the four-dimensional case. 

It should be mentioned that there exist alternative approaches to conformal gravity and con¬ 
formal supergravity. Conformal gravity in d dimensions can be formulated as a gauge theory of 
the conformal group, see, e.g., [ p3[ ] for a review. In such a formulation, the local special conformal 
transformations may be used to gauge away the dilatation connection. This will lead to the realisa¬ 
tion for conformal gravity described in the previous section. Analogously, conformal supergravity 
in diverse dimensions d <6 can be obtained by gauging the relevant superconformal group in su¬ 


perspace [146|, |45|, |47[]. The resulting formulation, known as conformal superspace, may be viewed 


as a superspace version of the superconformal tensor calculus, see, e.g., [ 148| ] for a review. The 
formulation for conformal supergravity described above is obtained from conformal superspace by 
gauge fixing certain local symmetries. It is completely adequate to study (conformal) isometries of 
curved superspace backgrounds; this is why we will not discuss conformal superspace here. 

To describe Poincare or anti-de Sitter supergravity theories, the conformal supergravity multi- 
plet has to be coupled to some off-shell conformal compensators that will be symbolically denoted 
S. In general, the compensators are Lorentz scalars, and at least one of them has to have a non-zero 
super-Weyl weight ws 7 ^ 0, 


5(yS = w^aS . 


(3.5) 


They may also transform in some representations of the /^-symmetry group. The compensators 
are required to be nowhere vanishing in the sense that the /^-symmetry singlets |Ep should be 
strictly positive. Different off-shell supergravity theories correspond to different choices of S. 
The notion of conformally related superspaces can be defined in complefe analogy wifh fhe non- 
supersymmefric case considered in fhe previous seefion. 

Lef us now fix a background superspace. A real vector field ^ on ^) is called 

conformal Killing if 

(5jr + 5a)^A=0, (3.6) 
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for some Lorentz , /^-symmetry and super-Weyl a parameters. For any dimension d <6 and 
any conformal supergravity with up to eight supercharges, the following properties hold: 

• All parameters and a are uniquely determined in terms of which allows us to 

write = K^[^] and a = o[^\, 

• The spinor component is uniquely determined in terms of 

• The vector component obeys an equation that contains all information about the conformal 
Killing vector field. 


For example, in the case of c/F = 1 supergravity in four dimensions the equation on reads 




(3.7) 


where the vector index of is replaced by a pair of spinor ones, undotted and dotted. In the case 
of 3D o/F = 2 supergravity studied in the equation on is given by ( |4.22 ) in the next section. 

By construction, the set of conformal Killing vectors on is a Lie superalgebra with 

respect to the standard Lie bracket. This is the superconformal algebra of One can 

show that it is finite-dimensional (the argument one uses is similar to that described in the next 
section in the three-dimensional case). 

Let ^ be a conformal Killing vector field on ^), 


+ ^a[f\)S>A — 0 , (3.8a) 

for uniquely defermined parameters K^[^] and o[^]. If is called a Killing vector field on 

E) if fhe compensators are invarianf. 




(3.8b) 


The sef of Killing vectors on 


S) is a Lie superalgebra. The Killing equations (3.8a) and 


(3.8b) are super-Weyl invarianf in fhe sense fhaf fhey hold for all conformally relafed superspace 
geomefries. 

Using fhe compensators S we can always consfrucf a superfield (j) = 0(E) fhaf is a single! 
under fhe sfrucfure group and has fhe properties: (i) if is an algebraic funcfion of E; (ii) if is 
nowhere vanishing; and (iii) if has a non-zero super-Weyl weighl w^, 5^0 = w^a^. If follows 
from (3.8b) fhaf 


(5^[^]-h>V0a[(§])0 = 0. 


(3.9) 


The super-Weyl invariance may be used fo impose fhe gauge condition 0 = 1. Then eq. (3.9) 


reduces to o[^] = 0, and fhe Killing equations (3.8a) and (3.8b) fake fhe form 


[^[^],^a] =0, 

jr[^]E = 0. 


(3.10a) 

(3.10b) 
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Of special interest are those backgrounds E) which admit at least one (conformal) 

supersymmetry. Such a superspace possesses a conformal Killing vector field of the type 


§«|= 0 , ^“ 1 / 0 . 


(3.11) 


Here, as always, the bar-projection of a superfield U(z) = U{x,d) is defined by f7| := 17(v, 6 )| 0 =o- 
We are usually inferesfed in purely bosonic backgrounds wifh fhe properly lhal all fermionic com- 


ponenls of fhe superspace torsion and curvalure lensors, eq. (3.2), have vanishing bar-projecfions 


= 1 = 0 , 


= 1 


= 0 


(3.12) 


where e denotes fhe Grassmann parify, e = 0 for bosons and e = 1 for fermions. If is a Killing 
veclor field wifh a[i§] = 0, fhen fhe bosonic requiremenls ( |3.12 ) nalurally arise as consistency 
conditions. Indeed, lef us suppose fhat is a bosonic pari, e{^) = 0, of fhe superspace forsion or 
curvalure. For o[^] = 0, fhe fransformafion of is assuming all 

ofher bosonic parameters, | and |, vanish. On fhe olher hand, if musl hold lhaf 83S\ = 0, 
since fhe geomelry does nol change under fhe fransformafion associated wifh This is consislenl 
provided which indicates lhal all fermionic componenls of fhe superspace torsion and 

curvalure lensors should vanish. 

The conditions ( |3.12 ) imply lhaf af fhe componenf level all fermionic fields may be gauged 
away. In parlicular, fhe background gravilini are purely gauge degrees of freedom. 


4. Backgrounds with (conformal) isometries in 3D ^ = 2 supergravity 

As an applicafion of fhe formalism described in fhe previous section, we review fhe resulfs 


of 1 36] devoled to fhe conslrucfion of supersymmelric backgrounds in all known off-shell formu¬ 


lations for 3D jV = 2 supergravily lElizIi- We consider a curved superspace in fhree space¬ 
time dimensions, , paramelrised by local bosonic (v™) and fermionic (6^,0^) coordinates 
z!^ = (v™, 0^, 0^), where m = 0,1,2 and /i = 1,2. The Grassmann variables 0^ and 0^ are related 
to each ofher by complex conjugation: 0 ^* = 0 ^. 

4.1 jY = 2 conformal supergravity in three dimensions 

As discussed in secfion 2, conformal gravily can be described in terms of fhe frame field Ca = 


ej^{x)drn defined modulo fhe gauge fransformalions (2. lOa). Here we review fhe generalisation of 
lhal formulalion lo fhe case of 3D JY = 2 conformal supergravily, following |^, ^,15]. 

The superspace slruclure group is chosen to be SL(2,M) x U(l)^, and fhe covarianl derivatives 
Ja = (^Q, have fhe form 


Ja — EA + ^A~\~i^AJ ) (4.1) 

wifh J fhe 7?-symmelry generator. The Lorenlz connection can be wriflen in fhree differenl forms, 

= -Q./Mc , (4.2) 
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depending on whether we use the Lorentz generators with two vector indices {Mat = —Mba), one 
vector index (M^) and two spinor indices The /^-symmetry and Lorentz generators 

act on the covariant derivatives as follows: 


[J,&a] = ^a, [J,^a]=0, (4.3a) 

~ ^Y{a^P) ) [^a/tj-^y] ~ ^y(a^/3) ) [Mobile] '^ilc[a^b] ■ (4.3b) 

The supergravity gauge group includes local Jf '-transformations of the form 

= [^,+ iTJ, (4.4) 

with the gauge parameters obeying natural reality conditions, but otherwise arbitrary. 

In order to describe cC = 2 conformal supergravity, the torsion has to obey the covariant 
constraints proposed in The resulting algebra of covariant derivatives is [^7|,[r^ 

{^a,^p} = , {^a, ^p} = 4 -^Mq,p , (4.5a) 

= -2i{f)ap^,-2^apJ-4^eapyj + 4iyMap-2eap^^^M^S ■ (4.5b) 


The explicit expressions for commutators [S>a,&p], [S>a,^p] and [^a,^b] are given in [ |T5| ] and 
[p6|]. The algebra involves three dimension-1 torsion superfields: a real scalar a complex scalar 
and its conjugate and a real vector ^a- The U(l)/j charge of ^ is —2. The torsion superfields 
obey certain constraints implied by the Bianchi identities. Some of these constraints are 

= 0 , (4.6a) 

(# - = 0 , y = (4.6b) 


Thus R is covariantly chiral, and =5^ covariantly linear. 

The algebra of covariant derivatives given by (p^) does not change under the super-Weyl 
transformation [l5|, 37] 


Q) a — {^a4-O^Mya —> (4.Va) 

{[^y,^s\(y)J -^{YaY^ {&yCi){^S(y)j) , (4.7b) 

which induces the following transformation of the torsion tensors: 


,5^' = , (4.7c) 

K = + + , (4.7d) 

= e.^ + -^{&yO)&'^o^ . (4.7e) 

^These generators are related to each other as follows: Ma = j£ahci^^‘^, ^a/S = {Y‘)ap^a and 
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Here the parameter a is an arbitrary real scalar superfield. The infinitesimal version of super-Weyl 
transformation (pT7|) provides a concrete realisation of ( 3.4a|) . 

The gauge group of conformal supergravity is defined fo be spanned by fhe -fransformafions 
and fhe super-Weyl fransformafions. The super-Weyl invariance is fhe reason why fhe super¬ 
space geomefry infroduced describes fhe conformal supergravify mulfiplef. 

Using fhe super-Weyl fransformafion laws (pT^), one may check fhaf fhe real symmefric spinor 
superfield [^| 

:= 5 ^r]- [^(a, %)] ^ (4-8) 

fransforms homogeneously, 






This superfield is fhe jC = 2 supersymmefric generalisafion of fhe Coffon fensor 


1 


'Wab := ^^acdW^^^b = Wba , 


1 


(4.9) 


(4.10) 


^abc ^^[a^b]c~^ 

in 3D pseudo-Riemannian geomefry. A curved superspace background (^^4 ^^) is conformally 
flaf iff fhe super-Cotfon tensor vanishes |^]. 


4.2 Compensators 

In order fo describe 3D ^ = 2 Poincare or anfi-de Siller supergravify Iheories, fhe conformal 
supergravify mulfiplef has fo be coupled fo a cerlain conformal compensalor S and ils conjugafe. 
In general, E is a scalar superfield of super-Weyl weighl rv / 0 and U(1 )r charge q, 

5(yS = waS , 7S = ^E , (4.11) 


chosen fo be nowhere vanishing, E / 0. If is assumed lhal ^ = 0 if and only if E is real, which 
is fhe case for ^ = 2 supergravify wilh a real linear compensalor (see below). Differenl off-shell 
supergravify Iheories correspond fo differenl superfield lypes of E. 

Type I minimal supergravify 00 is a 3D analogue of fhe old minimal formulation for 4D 
jY = 1 supergravify [P, 10]. If makes use of Iwo compensators, a covarianfly chiral scalar *P and 


ils conjugafe *P wilh fhe properties 


#«'P = 0, 7»P = -1»P. (4.12) 

The freedom fo perform fhe super-Weyl and local U(l)fi fransformafions allows us fo choose a 
gauge *P = 1, which implies fhe consislency conditions 


.5^ = 0, <I>a=0, ^a = ^a. 


(4.13) 


This reduces fhe superspace slruclure group from SL(2,M) x U(l)^ fo ils subgroup SL(2,M). 

Type II minimal supergravify [[T5|, |T^ is a 3D analogue of fhe new minimal formulation for 


4D jV = 1 supergravify [51]. If makes use of a real covarianfly linear compensator G wilh fhe 
properties 


(# - 4^)G = (^2 - = 0 , 5ffG = aG . 


(4.14) 
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The super-Weyl invariance allows us to choose the gauge G = 1, which implies 


= J = 0. 


(4.15) 


Unlike the 4D case, this formulation is suitable to describe anti-de Sitter supergravity [|T^. 

Non-minimal c/U = 2 Poincare supergravity |15, ^ is a 3D analogue of the non-minimal 
4D ^ = 1 supergravity (see |||, ^ for reviews). It makes use of a complex covariantly linear 


superfield £ and its conjugate £. The superfield £ is characterised by fhe properfies [37] 

(^2_4^)£ = 0, 5a£ = wa£, 7£=(l->v)£, (4.16) 

for some real parameter w. No realify condition is imposed on £. The only way fo describe ami¬ 
de Sifter supergravify using a non-minimal formulafion [|T^] (in complefe analogy wifh fhe four¬ 
dimensional ^ = 1 case 1^]) consisfs in choosing w = — 1 in ( |4.16 ) and replacing fhe consfrainf 
(^2 _ = Q yyjth a deformed one, 


—— 4.^)r = ft = consf . 


(4.17) 


The freedom fo perform fhe super-Weyl and local U(l)/? fransformafions allows us fo choose a 
gauge £= 1. 

Supersymmefric spacefimes in non-minimal supergravify are analogous fo (buf more resfricfive 


fhan) fhose in Type I supergravify [36]. This is why we will nol consider non-minimal supergravify 
in whaf follows. 


4.3 Conformal Killing vector fields on ^) 


Lef ^ be a real vecfor field on 


wifh It is conformal 

Killing provided eq. (3.6) holds. Since fhe vector covarianf derivative is given in terms of an 


anti-commutator of two spinor ones, eq. ( [4.5b[ ), it suffices fo analyse fhe implicafions of 


{5jt + 5a)^a =0 . 


(4.18) 


We should sfress fhaf fhe ofher requiremenf confained in ([3.61), 

{5jr + 5^)^a=0, 


(4.19) 


IS 


aufomafically satisfied provided (|4.18 ) holds. 


The leff-hand side of ( |4.18t ) is a linear combination of fhe five linearly independenf operators 
and J. Therefore, eq. ([4.18[) gives five differenf equafions. Lef us consider in 


some defail fhe equations associated wifh fhe operafors and which are 


(4.20a) 

(4.20b) 
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and their complex conjugate equations. These relations imply that the parameters a 

and T are uniquely expressed in terms of and its covariant derivatives as follows: 


, fa = , (4.21a) 

= + (4.21b) 

= -^(^a§“-^“fa) , (4.21c) 

Kap[^] = (4-21d) 


In accordance with (T20b), the remaining vector parameter satisfies the equation” 


^{a^Py) ~ 0 


(4.22) 


and its complex conjugate. From ( |4.22D one may deduce the conformal Killing equation 

&a^b + %^a = ^riab^‘'^c ■ 


(4.23) 


Eq. ( |4.22D is fundamental in the sense that it implies (5jr + S(y)S>A = 0 provided the parameters 
Keep, a and t are defined as in ( 4.21 ). Therefore, every conformal Killing vector field on 
, ^) is a real vector field 

^ := , (4.24) 

which obeys the master equation ( [4.22 ). If and ^2 are two conformal Killing vector fields, their 
Lie bracket [ 1 ^ 1 , 1 ^ 2 ] is a conformal Killing vector field. 

The equation ( |4.18|) implies some additional results that have not been discussed above. Defin¬ 
ing T := |i§®,K^^[i§],T[i§],a[i^],^Ba[i§]}, it turns out that the descendants ^a^ are linear com¬ 
binations of the elements of T. This means that the Lie superalgebra of conformal Killing vector 
fields on ^) is finite dimensional. The number of its even and odd generators cannot exceed 

those in the ,yC = 2 superconformal algebra osp(2|4). 


4.4 Killing vector fields on 

A conformal Killing vector field ^ = ^^Ea on is said to be a Killing vector field on 

S) if the following conditions hold: 


[^^^B + ^K^^[^]Mbc + iz[^]J,&A] +%]^A = 0, 
(^^^&B + iq'c[^]+wa[^]^E = 0, 


(4.25 a) 
(4.25b) 


with the parameters z[^] and a[i§] defined as in (4.21). The set of all Killing vector fields 

on S) is a Lie superalgebra. The Killing vector fields generate the symmetries of rigid 

supersymmetric field theories defined on this superspace. 


“The equation ( |4..22| ) is analogous to the conformal Killing equation, '^(^ap^yS) = 0, on a pseudo-Riemannian three- 
dimensional manifold. 
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The Killing equations (1-.25) are super-Weyl invariant in the sense that they have the same 
form for conformally related superspaces. The super-Weyl and local U(1 )r symmetries allow us to 
choose the useful gauge 


S = 1 


(4.26) 


which characterises the off-shell supergravity formulation chosen. If ^ / 0, there remain no residual 
super-Weyl and local U(1 )r symmetries in this gauge. If <7 = 0, the local U(1 )r symmetry remains 
unbroken while the super-Weyl freedom is completely fixed. 

In the gauge ( f.26| ), the Killing equation (|4.25b| ) becomes 


iq{^^^^B + 'c[^])+wo[^]=0, (4.27) 

where <I>b is the U(l)/j connection, eq. (El). Hence, the isometry transformations are generated 
by those conformal Killing supervector fields which respecf fhe conditions 


(^[^] = 0 , 


(4.28a) 

(4.28b) 


These properties provide fhe main rafionale for choosing fhe gauge condition (1..26) which is: 
for any off-shell supergravify formulation, fhe isomefry Iransformalions are characferised by fhe 
condition a[i§] =0, which eliminafes super-Weyl Iransformalions. 


5. Supersymmetric three-dimensional spacetimes 

Lei us look for curved superspace backgrounds S') which admil al leasl one conformal 

supersymmefry. Such a superspace musl possess a conformal Killing veclor field wifh fhe property 

^“{= 0 , £“(x) /O. (5.1) 

All olher bosonic paramelers are assumed lo vanish, a| = t| = K„p \ = 0. Then any parameter of fhe 
lype \ is expressed in terms of fhe Iwo spinor parameters: Q-supersymmelry £®(x) 

and S-supersymmelry T]a(x) := This follows from fhe general properties of fhe conformal 

Killing veclor fields on discussed above. 

In fhe 3D JV = 2 case, all bosonic superspace backgrounds, which possess no covarianl 
fermionic fields, are characferised by fhe conditions: 


^a^|=0, S)a^^y\=^. 

These conditions mean lhal fhe gravifini can be gauged away such lhaf 

S!a\='Da := ea'”ix)dm + ]^(oJ’%x)Mbc + iba{x)J = Va -h iba{x)J , 


(5.2) 


(5.3) 


where slands for fhe lorsion-free covarianl derivative ([2.3|). Inlroduce scalar and veclor fields 
associated wifh fhe superspace forsion: 


s{x) := , 5^1 , r{x) := , Ca{x) := 


(5.4) 
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The spinor parameter £ = (£«) proves to obey the equation 




(5.5) 


This equation is obtained by bar-projecting the relation 

0 = %^a + ^{7a)J - {7a)J 


2 

+ 2^abc^^ 


4i - 2 

^(a^/37) T ~£o!{/3.^7)'.5^ ~7 —£a{P^y)R 


(5.6) 


3 3 

which is one of the implications of ( TIQ ). We recall that (|4..19| ) is automatically satisfied if the 
equation ( 4.18 ) holds. 

Eq. ( |5.5| ) contains two pieces of information. Firstly, it allows one to express the spinor 
parameter fj = (fja) via £, its conjugate £ and covariant derivative DaS: 


ria = -- 


2i 


(5.7a) 


(5.7b) 


"Da£)a + 2i(7"£)aCa + 3sea + 3ir£, 

Secondly, it gives a closed-form equation on e: 

~ ^ 7 ) {ap ~ 3- c)(a/t^ £ 7 ) 0 . 

Equation ( |5.7b ) tells us that £ is a charged conformal Killing spinor, since ( 5.7bt ) can be rewritten 
in the form [^] 

^{ap^r) = 0 , Va£ := {Va - iAa)e , (5.8) 


where = ba +Ca- Switching off the U(l) connection A in ( |5.8| ) gives the equation for conformal 
Killing spinors. We point out that the more conventional form of writing (5.8) is 


(V.-^7./Vz,)£ = 0. 


(5.9) 


Choose £« to be a bosonic (commuting) spinor. Then, by analogy with, e.g., the 5D analysis in 
[^, we deduce from ( ^^ that the real vector field 14 := {7a)^^£a^p has fhe following properties: 
(i) 14 is a conformal Killing vector field, V(^ap^yS) = Oi (ii) Va is null or fime-like, since 
17'*14 = (£“£ce)^ < 0. This vector field is null if and only if £« oc These properties were firsf 
observed in 


5.1 Supersymmetric backgrounds 

As discussed in section 3, using fhe compensafors S one can consfrucf a nowhere vanishing 
real scalar ^ wifh fhe super-Weyl fransformafion 5(y^ = Wtjyatj), where fhe super-Weyl weighf rv^ 
is non-zero. The super-Weyl gauge freedom can be fixed by choosing fhe gauge 0 = 1 in which 
o[^] = 0. One may choose (j) to be (i) 'T'T in Type I supergravify; (ii) G in Type II supergravify; 
and (iii) ZZ in non-minimal supergravify. 

In fhe super-Weyl gauge ^ = 1, every rigid supersymmefry fransformafion is characterised by 

a[(^]=0 ^ Tla=0. (5.10) 


15 
















Symmetries of Curved Superspace 


Sergei M. Kuzenko 


Then the conformal Killing spinor equation ( p75| ) turns into 

DaS = -iSabcc'^fe + SYae + irYae ■ (5.11) 


We recall that the covariant derivative Da is defined by (5.3). It contains a U(l)^ connection, and 
the algebra of covariant derivatives is 


[Da , Di] = ^Rab^‘^Mad + iFabJ = [Va , V^,] + iFabJ . (5.12) 

Eq. ( |5.11[ ) is a generalised Killing spinor equation. Along with the frame field Ca = ea'"{x)dm, it 
involves four other background fields, which are: fhe U(l)/? gauge connecfion ba{x), fhe vecfor 
field Ca{x), fhe real scalar field s{x) and fhe complex scalar one r{x). 


5.2 Maximally supersymmetric backgrounds 

The exisfence of rigid supersymmefries, i.e. solutions of fhe equation ( |5.11 ), imposes non- 
frivial resfricfions on fhe background fields. In fhe case of four supercharges, fhese resfricfions 
have been analysed in They are: 

Va5 = 0 , Dar = (Va - 2iba)r = 0 , VaCb = ISabcFs , (5.13a) 

rs = 0 ^ rca = 0 . (5.13b) 

If follows fhaf Ca is a Killing vecfor field, 

VflC/, + V;,Ca = 0 , (5.14) 

such fhaf := rjabc^c^ = consf. The U(1 )r field sfrengfh proves fo vanish, 

Fab = 0. (5.15) 

For fhe Ricci fensor we obfain 


Rab — 4 


CaCb - Tjafe {+ 2 + rr )} 


(5.16) 


Using fhis resulf, for fhe Cotton fensor defined by (|4.10| ) we read off fhe following expression: 


^ab — 24s [CflCfo ^ ^abC ] . 


(5.17) 


If is clear fhaf fhe spacetime is conformally fial if sca = 0. 

The above resfricfions are given in ferms of componenf fields. They may be recasf in fhe 
language of superspace and superfields using a 3D analogue of fhe 5D observafion in [38]. For any 
3D jV = 2 supergravify background admitting four supercharges, if fhere exisfs a fensor superfield 
r such fhaf ifs bar-projection vanishes, r| = 0, and fhis condifion is supersymmefric, fhen fhe enfire 
superfield is zero, T = 0. In parficular, fhe supersymmefric condifions (52) imply 

= 0 , = 0 , = 0 . 


(5.18) 


Furfher superfield condifions follow from (5.13). As follows from (4.8), fhe super-Coffon fensor 
fakes fhe form 


= -4=^^«/t . (5.19) 

Up fo fhis poinf, no specific compensafor has been chosen, and all fhe resulfs so far obfained 
are applicable fo every off-shell formulalion for 3D jV = 2 supergravify. We now furn fo making 
a specific choice of compensafors. 
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5.3 Maximally supersymmetric backgrounds in Type I supergravity 


As discussed in subsection 4.2, in Type I supergravity the super-Weyl and local U(l)/j transfor¬ 
mations can be used to impose the gauge = 1, which leads to the consistency conditions (4.13). 
The corresponding Killing spinor equation is obtained from ( 5.11| ) by setting s = 0 and ba = Ca, 
which gives 


VaS = icae-ieab^fe + irYae 


(5.20) 


In the case of maximally supersymmetric backgrounds, the dimension-1 torsion superfields 
obey the constraints: 


^ = 0, M^a=0, ^A^ = 0 

The complete algebra of covariant derivatives is 


S>A^b = 0 


(5.21) 


(5.22a) 

(5.22b) 

(5.22c) 

(5.22d) 

(5.22e) 


Re-defining fhe covarianf derivafives — resulfs in 

a supergeomefry wifhouf U(1 )r curvafure, which means fhaf fhe U(l)ij connection can be gauged 
away. As follows from ( |5.19 ) and (5.21), fhe super-Coffon fensor is equal fo zero, and fhus fhe 
superspace (and spacetime) geomefry is conformally flaf. 

There are four differenl maximally supersymmefric backgrounds described by fhe superalge- 

’ 7^ 0 and = 0 corresponds fo (1,1) 


[^a,%]= 4Eabc f 


bra ( p.22\ ), wifh and consfrained by ( |5.2lD . The case , 

AdS superspace |[T^. The ofher fhree cases are characterised by = 0 and correspond fo differenf 
choices for a covarianfly consfanf vecfor field Ca{x) = ^a|, which are timelike, spacelike or null. 

The exisfence of a covarianfly consfanf vecfor field means fhaf spacefime is decomposable 
in fhe non-null case (see, e.g., [^|). For 7^ 0 fhe spacefime is fhe producf of a fwo- and a one¬ 
dimensional manifold. We can choose a coordinafe frame x'" = {x'^fQ, where m= 1,2, such fhaf 
fhe vector field is proporfional to d/di^ and fhe mefric reads 


dsf = gm^(x'')dx'”dx” -h K^dl^y = -f K{dQ 


e" := dx'^em^ix" 


(5.23) 


where fc = — 1 when is fimelike, and fc = -|-1 when c“ is spacelike. The fwo-dimensional mefric 
4s\ = gmn(-^'^)dx'”dx" corresponds fo a fwo-dimensional submanifold of ./#^orlhogonal to c‘^ea- 
We denofe by fhe Ricci fensor for Since c“ is covarianfly consfanf, RabC^ = 0, which 
means = 0. From (5.16) we fhen read off R-g = —4 c^T].^. This means fhaf fhe submanifold 


is (i) S^ if is fimelike; and (ii) AdS 2 if c" is spacelike. Finally, in fhe case fhaf d is null, fhe 
corresponding spacetime is a special example of pp-waves. 
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5.4 Maximally supersymmetric backgrounds in Type II supergravity 


As discussed in subsection |4.4 in Type II supergravity the super-Weyl invariance can be used 
to impose the gauge G = I, which leads to the consistency conditions ( |4.15 ). The corresponding 
Killing spinor equation is obtained from (5.11) by setting r = 0, 


D^e = -iSabcC^fe + sYaS ■ 


(5.24) 


In the case of maximally supersymmetric backgrounds, the dimension-1 torsion superfields 
obey the constraints: 


.^ = 0, ^A^ = 0, &a% = 0 %% = 2eabc^^y, (5.25) 

and hence ^^^b = const. The corresponding algebra of covariant derivatives is 


= {#«,%} = 0, (5.26a) 

= -2i(f)«^(^,-2,rM,-i‘^,7) , (5.26b) 

ira)p^y^Y > (5-26C) 

= -ieabc{y’)p^^^^r+ i7a)p^^^r , (5.26d) 

mn^b] = ^Sabc . (5.26e) 


The solution with = 0 corresponds to (2,0) AdS superspace [|15|]. The algebras ( |5.22| ) and ( |5.26| ) 
coincide under the conditions M ^ = 0. 


Curved backgrounds of the type ( p.26[ ) are solutions to the equations of motion for topologi¬ 
cally massive Type II supergravity with a cosmological term. These equations are |36] 


i^“#alnG-4,5^-2AG = 0, (5.27a) 

— ^^(aG#|3)G-|-- = 0. (5.27b) 


Here A is the cosmological constant, and g the coupling constant appearing in the conformal su¬ 
pergravity action (Newton’s constant is set equal to one). In the super-Weyl gauge G = 1 these 
equations turn into 


1 

2 ' 


- -h (g -h 2A )^a/t — 0 ) 


= 0, 

(5.28a) 

= 0, 

(5.28b) 


where we have used the explicit expression for the super-Cotton tensor ( |4.8[ ). For a solution with a 
non-vanishing constrained by = 0, one can satisfy eq. ( 5.28b ) if the coupling constants 

g and A are related to each other as 


g 2A — 0 . 


(5.29) 


The bosonic solutions of topologically massive jV = 2 supergravity with a cosmological term 
were classified in [54]. Supersymmetric spacetime ( |5.26 ) is of type N (for Ca null), type Ds (for Ca 
spacelike) or Dt (for Ca timelike) in the Petrov-Segre classification, see [54] for more details. 
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6. Concluding comments 


In this note we reviewed the superspace formalism to determine supersymmetric spacetimes 
from off-shell supergravity in diverse dimensions. For a given supergravity theory, we showed 
that a purely bosonic background admits rigid supersymmetry transformations provided the corre¬ 


sponding curved superspace possesses a Killing vector field of the type ( [3.11| ). Thus the superspace 
must possess nontrivial isometries that, by construction, form a finite-dimensional supergroup. 
Within the component approaches to supersymmetric backgrounds in off-shell supergravity 


27, 28 


33 


the analysis amounts to classifying 


theories ^ 

all solutions of generalised Killing spinor equations (such as eqs. ( |5.20D and ( 5.24 ) in the case 
of .jY = 2 supergravity theories in three dimensions) obtained as the condition for the gravitino 
variation to vanish. Given such a solution, special analysis is required to understand whether there 
exists a superalgebra to which the generators of rigid supersymmetry transformations belong. In 
the superspace setting, this issue does not occur since the rigid supersymmetry transformations 
belong to the isometry group of the background superspace. 

The superspace formalism provides a simple geometric realisation for maximally supersym¬ 
metric spacetimes. They correspond to those off-shell supergravity backgrounds for which the 
Grassmann-odd components of the superspace torsion and curvature tensors vanish, while the 
Grassmann-even components of these tensors are annihilated by the spinor derivatives. This fol¬ 
lows from the observation that, for every maximally supersymmetric background, if there exists a 
tensor superfield T such that its bar-projection vanishes, r| = 0, and this condition is supersym¬ 
metric, then the entire superfield is zero, T = 0. As a simple corollary of this result, one can readily 
deduce that all maximally supersymmetric spacetimes are conformally fiat for certain supergravity 
theories. For instance, in the case of 4D JY = I supergravity, the super-Weyl tensor is a completely 
symmetric spinor superfield Wapy [0- Since it must vanish for every maximally supersymmetric 
spacetime, the corresponding Weyl tensor is equal to zero. This vanishing of the Weyl tensor was 
observed in [^, but no explanation of this result was given. Another example is provided by 
3D ^ = 1 supergravity in which the super-Cotton tensor is again a symmetric spinor superfield 
Wfjipy ||5^, 45]. The Cotton tensor is one of the components fields contained in Since 


must vanish for every maximally supersymmetric 3D spacetime, the corresponding Cotton tensor 
is equal to zero. Our last example is provided by 3D c/K = 3 supergravity in which the super-Cotton 
tensor is a spinor superfield W® [|43[]. Since Wa must vanish for every maximally supersymmetric 
background of ^ = 3 supergravity, the corresponding 3D spacetime is conformally flat. 

A striking feature of superspace techniques is that they make it possible to generate arbitrary 
off-shell supergravity-matter couplings (such as the off-shell locally supersymmetric sigma mod¬ 
els in 5D ^ = 1 [56], 4D ,/F = 2 [ ^ ] and 3D ^ = 3 and ^ = 4 supergravity theories). 
Restricting these couplings to a given background allows one to construct general rigid supersym¬ 
metric theories on such a spacetime. 
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